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1. The Probll of Anaiot Llau l tA f l a l v S i s

Analog fault analysis is a method of finding a description (either

in terms of the physical analog system or i ts model ) of the way i n  wh ich

1. an analog system has fai led. A failure (o r  f 5~ult ) may manifest i tse lf  in

ma ny different ways , depending on the nature of the system. In the present

study we consider the system to be a linear , analog e lectro n ic c i rcui t ,

wi th at least two access i ble ten~ i nal s. We treat the accessib le tcnlli nal S

as a multi-port network . The behavior of the network can be determined by

I n~ asurinq each of the several independent (co :~p1cx) multi -port parameters

S (transfer functions), possibly at several frequencies. Thus , if m/~’
I. independent , complex measurements are mad e , the network performance is

given in terms of m real numbers , each of which is a function of the

parameters of the network . We denote the measurement set by the real

- 
vec tor M co l (N 1 ). Sini i larly, we denote the corresponding set of mu lti -

port parameters computed from the network node l by the real vector

M~~ col (M i).

We wil l  assume there are n real network parameters~ each of which is

either a resistance , capacitance , inductance , or contro lled source gain .

1. We denote the pa rameter set by the real vector x ~ col (x 1).

The fault analysis problem may be stated as fol l ows: given m real

measurements and the network model contai iii n~ n real parameters , find the

- values of the n real pa rameters which produce the m rea l measurements .

This requires solving the system of m non-linear equations in n unknowns

M (x )~~~M (1)

1 -1.. 

-~~~~~
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Currently avail able analo g au tomatic test equipment (All) allows the

preproqr,~mminq of a sequence of test signals and measurements [1 .). The

software Interpretation of these measurements is mostly limited to a

functional test of the component or module test ed. To achieve greater

resol uti on of the fault wi th currentl y ava ilable ATE (i .e. , to f ind the

fau 1 ty conponeii t or integrated ci rcui t in the nodule) , requ i res access to

more terminals (test points) anJ the nakin u of a iiore compl ex sequence of

measureme nt s

Often in practic e the number of t c m i  na is ova li abl e for measurement

is 11 nil ted . ror example , in troubi cshao t i n~i cxi s t i ne  equipment available

test poi nts a me fi xc’d 1w the des i qn . In the des inn of new equi pment , i t

Is d~sirahie to keep the number of test points as sinai) as possi b le te

avoid an excessiv e number of pins i n  the connectors .

The presen t study was directed at improving the rd labi l i t’. of hieh

resolution ( down to the component or node if necessary ) analog fault

. 
analysis from sea s ii rt’ments at the accessible tcn’ i nal s . The nea su re sents

In th is  stud y rc -~ui re applying sinusoida l sources and finding the magni tude

and phase relat ionships of the steady state response’s. i.e.. the measure-

ments are a set of complex multi —port parameters at the accessible term inals.
— The fault is iso lated by solving (1) for the n-dimensional parameter vector

x. Recent work i n  analog fau lt anal ysis has been directed toward findi i:~

an efficient way to solve these equations5

1.1 Swi! of Prevj  Wor k

In solving (1), the number of network parameters may be greater

than , equal to , or less than the number of measurements m. If m < n

It is not possible to solve for the parameter set x , since in this

j j  case (1) usua lly has -Inf lnitcly many solutions. Ransom and Saeks [2)

-2-
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approached this pro hitm by finding the solutio n to (1) which rninirni~es

the no rm x - 

~ 
(~~~

, where is the nominal parameter set. The

difficulty with this approach is that the solutio n assunrs , rouqhiy

speaking, that the mos t likel y state of the element values in the net-

work is the one wh ich ca uses the sma l lest drift fra u the nominal values

consistant with the measurements . This assumption excludes the pos si-

bi lity of catastropru ic faults (open and short circu i t s) .

I f  in ~ n , then the non— li near equations g iven by (1) are often

solved using opti m ization techniques by findin g mm I ~i 
(& —

where ~e ~t ises the norm may be reduced to zero if m n. This approach

was taken by Chen and Sacks [3], using an efficient algorithm to

evaluate M (x) .  In order to acco~~odate catastrophic faults (open and

short ci rcui ts)  by this method , each element in the parameter space

must be searched over the range (0 , 
~~

) ,  w h i c h  is not practical because

of the prohibitively large number of evaluations of the function ~ (x) .

In this project we cont inue to seek ~ way to overcome the diffi-

cul ties of the two methods described above , vii. that catastrophic

fau lts are overlooked altogether or that they are found at the cost of

very lengthy computation. The approach described in this report is to

modify the parameter set x to include the set of all single short

circuits involving inaccessible nodes . The remaining parameters are

branch admittances or controlled source gains . Searching over short

circuits eliminates the need to search over very large values of the

I. branch admittances . It is also unnecessary to search over very large

values of controlled source qains , since this mode of failure is
L. extremely unlikely. Johnson [4], [5) has described a very efficient

algorithm for eva1uatin~i the function Fl (x) In the presence of a short

-3-
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circuit. The ef f ic i e ncy rt’su l ts from the fact that the network

change caused by the short circuit re~cu lts in an alteration of the

(i nacc&~ s1ble ) nodal ad’~i ttance ma trix t’v a ri~tri \ ef unl t mark .

As a result , the response Ii (x) of the f~iul ted network can t’e

comput ed ( i ri ten’ s of the ne:-;i na 1 response) using r’anv fewer  - u i  t i  —

pl icatio ns than arc required for an er i5 ~inal anal):~i s . Spa rse I~~~ t i ’ i\

techniques were also used to reduce co~ ~‘atat lon ti~ c . The ~ f t i  ci enc~
of this a 1 eon thm sa kes I t pract ical  to ex haust  i ‘.-cl~ sea rch for a

minimum of H ~~ (x )  — 

~ 
over al l possi ble sing le short c i r cu i t s

invol v i nq an i nac cess i l’ic node . The test  exars ~l es describ ed t”~
Johnson [4] , [5] show that short c i rcu i ts  can be i’el lab)’.’ 1 L’cO t dd ]
by the a 1 qer i thm • even thoueh measure ments were made only at one

freque ncy , and t-’amamc ter dri t was not take n into account .

Pcrfe,isi nq the sea su remr nts (and ana i s  I s ) at mere than one

frequency increases the number of measure ments m ‘.d thout chan~ing

the number of netw ork parameters n. This r~i impreve the relia b ility

of the fault analysis if all the mCasu rcments are independent . 1 he

problem of independent neasurc rmn ts I s discussed in some deta i l  by

Sen and Saeks [ t i ]  — [8], who unfortunately s top short of describin g

exactly how to choose the measure ments and frequencies.

2. New Results in Analoq Fault An alysis

The study undertaken by the author was di rected to~~rd impi’ovin~ the

reliability of analog fault analysis (isolating short circuits , open

circuits and paran~tcr changes) whi le keeping the algorithm as fast and

efficient as possible. Specifically two separate studies were done:

[ S

¶

-4-
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I
(a) Introducing parameter changes into the current alqori thm .

The current algorithm searches for a minimum of H N (x )  — M H
over short circuits only. By searchin g over the network pa rameters

(resistances, capacitances , inductances and controlled source

gai ns) as well , the algorithm should be improved , because of the

expanded d e s c r i p t i o n  of the fault. in addttion it was hoped that

the al g o r i t h m  would be made mo re reliable (i.e., it was hoped

that the alao rithm would not indicate faults wh ich were not

present , but instead would find only those that were present).

An eff icient alqori thtn for calculating the network responses

M (x) in the presence of a parameter change was developed and

Incl uded in the search for m~n H  N ( x )  - N 
~~~~~

. This is described

in detail in Section 2.1.

(b) Independent Measurements . Increasing the dimension m of !1 ( and

also of M x))by adding independent measurements should improve

the accuracy and resoluti on of the fault analysis. In most

practical cases , the number of accessible terminals is fixed , so

the only way to increase the number of measurements is to use

more than one frequency . it is important to determine if the

set of measurements is independent. The work on this problem

Is described in detail in Section 2.3.

We have discussed how the network parameters may be determi ned

by minimizin g the norm of the difference between the measured

and computed network responses I ~!. (& - !~. H , where N and N
are both real vectors of dimension m . In the discussion which

follows , the network responses are considered to be y-parameters

at the accessible terminals , all referred to a cornon (access ib le)
L node. Figure 1 shows a network wi th p + 1 accessible terminals

I
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I
from which we define the pxp y-parametcr matrix

~
‘i i  ~

y
l2  ...

-‘~‘2l ~22 • • .

(2 )

y
~1 y

~2 ... ~~~

where , as usual , -

~
‘rs~~ 

(3)
r Vk 

= 0 , k ~~ r

. In (3) I~ and V r are the phasor response and source , re-
specti vely. The matrix ~ therefore represents p2 complex

Fi gure 1 — p-Port Network wi th p+l accessible terminals.

parameters or 2p2 real parameters . These 2p2 real parameters

form the vector N of dimension m , I .e., m ~ dim N = 2p2, an
even integer. (The exact order in which the elements of

vector Fl are formed from the elements of matrix ~ is not

important. However , the measur ed res ponse vec tor N is formed

-6-
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from the measured y-parameter matrix y by the same rule used to

form one computed response vector N from the computed y-parameter

matrix ~). 
S

We close this section by displaying a formula derived by

Johnson [4], [5], which will be used in subsequent sections.

Johnson shows that the pxp matrix of measurable y-parameters

defined above is given by S 
5

~l~~-b~~-~~~2 2~b~2~ 
A y ] A T (4)

where

A

is the node-to-branch incidence matrix (as defined by

and Kuh [9] partitioned into the accessible (A1) and the

inaccessible (A 2) nodes , and is the branch admittance

matri x [4], [5], [10]. If the network contains b branches ,

lb is a sparse bxb matri x whose elements are simple functions

of the branch adnii ttances and the controlled source gains. It

therefore plays the role of the parameter vector x and can be

expressed in terms of x. ‘

2.1 Parameter Changes

In order to find mm H ~~ . 
(!.,b) - i l l  it is important to compu te

~~
. (~~~~

) efficiently. Such an algori thm has been found if a change is

made in only one parameter at a time . To deri ve this result , suppose

~b is changed by the bxb matri x ~ . Then from (4) the y-parameter

IL matri x becomes

1
~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 

J V ~~~~~~~~~~~~~~~~~~~~~
_ _~ 

— -5_-~~~~~ -S
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(
~~(Y~~.) 4T)~ (v~+~)]  ~T ( 5)

The major  cum~uta ti onal d i f f icu l t y  in eva 1 uat i nq the ri nht side of

( 5 )  is cc~;;w t m g  the inve rse of the new inaccessib le nodal

admi ttance mat r i x = A , (Y b+A) AI~ . Define the qxq ma t rix

~ where q Is the number of inacessible nodes . Thus

+ A S I ’~ A~ and we w ish to find the i uv~’rse of ‘i ’~

During this investigation we have di ccove rcd that if only one

tie twe rk parai~ieter is chaiiqod , ~ can he In t~ i~’d as the e~ ten preduc t

of two VeCtors u~~ col (u
1
) and v ~ col = uv~ . (In

this case A has un it rank).  The specific way in ~-,‘hit i ii and v art ’

formed depend on ~‘:he~ her the ne two rk paranic~ or changed i s a passIv e

admi ttance or a control led source . The seve ral s pecial  cas es arc

discussed in Sections ~ .1 .1 throLigh ? .1 . ~~ , whic h the reader may ski  p

wi thou t loss of continuity .

The product  te~A may therefore be expressed as the oute r

product uv T 
, wh ere u ~

‘ and V ~ A~,v are both ve c t o rs  of d imens iOf l

q , w here q Is the number of inaccessibl e nodes. We may now wr i te

- 1 y
~ + uv~ , ( t i )

- 

I Itousehol den [11] show s that the inverse of Y~ can he for in d from

y I l  y l 
~ — U(l + v T y —l ijy l ~~ y~

1 j ( 7 )

In ( 7 )  the i twe rse of is known from an i ni ti a] comput at ion (in

terms of the noini na 1 parameter valueS ) which is performed only onc e ,

and ~ ~ v T ~~ U is a scaler . Thus the ri ght side of (7) may be

found w it h o u t  a matrix inversion.

- L



The rortran code for comput ing using (7) has been wr i t ten

• 
. 

. 
and may be found in Appendix 1 (SUBROUTI1[ Y ’ r I~ ). Sparse matrix

techniques have been used to store t h e  vectors I? and V.

The purpose of the next sever a l sections ( P .]  .1 through 2.1 .

is to show that a change in any network parameter changes the branch

admittance Lw a matrix of unit rank , i.e., 1~~ 
= 

~b + ~~ where

A u V T and u ~ col (ui) , y ~ col (v 1 ). t~n efficient ~ompute r

program for forming the vectot ’s u and v us i t ie spars e matrix techniques

has been ~,ni t ten , and the l is t ing nay be found i n  Appendix 1

(SUBROUTI NE UVVE C).

Johnson and Pcmii nqton [1 O~ have shonn that in a tic t i-a rk con—
V 

tam ing b branches , the bxb branch admittance matr ix can ho formed

V 
from the el ement matrices as follows

S

I 

= (~ 
+ y R - (V - N + )  (~~~)

where 1 is the hxb identi ty iaa t:rix , V i s  the bxh matrix diag (Y1 )

and is the self—admittance of branc h i ; R~ is the bxb matrix

{R 1~ ) , where R1 ~ 
is the trans i stance in branch ,j control led by the

current in branch i ; ~, p, and are defined similanl and conta in

branch coupling in the form of current gains , vo l tage gains , and

transconductances respectively.

2.1.1 Parameter Chan~~ i s a P a s s ive Admitt ~tnce t

if a change is made in branch admi ttance k , then V

becomes !. + ~ where ~ is zero except for element k. A l i t t le

algebra shows that has been changed to = 

~b + ~~ where

L fihe reader may omit this section without loss of continuity.

-9- _-~~~~~



= W (AX) — ( )  x — (.‘~i) ( A X)  (9)

and X =  ~~~~~
_ ‘~‘~~~ i +

~~~~~~~ _l_ - 

~~~ ~~~

A ~~ ~~

Equation (~~~
) s i m pl i f ies since (AU ) (~ X) ~ o . w hich may be

shown as fe l low s . After some alge bra . using ( i i ) ,

(A W ) ( 1\X) ( ‘~y
Rm ~~~ ~~ 

— I)

whi i ch is zero if A k A 0. Supoose branc h ad~ni ttaii ce k is•S-y 
~tn -y —

changed , and def i tic P . Therefore = V im ~v
Uut all e lement s of are zero except for ci cmen t (k .k)

1J

B i k  ~ m~iL ~ y~ kk V I

N ow ~~~ A~ = A~ P. Cons ide r the ci coon t s of co 1 umn k of t hi s

matrix:

( 1
~m ~ni~ 

r 
~ (A ~ ) ,.1 t3ik ( i i )

From ( 10) we see t h a t  
~~~~
, 

Rsm t~, i s  zero except for elements In
— column k . Fu rthe nuo re the summa t ion need he carried out over

element i = r only, since (A y ) r i 0 , r ~~ i . Finally , 
~“y~rr = 0

unless r k , so A~, R,~ A~ contains only one tion— zero element .

namely (,\ 
~~ ~~~~ 

(A Y
) kk (

~~
) kk ( \ Y ) kk . Put this last

expression is zero because branch k never contains a tr ai is —

resistance controlled by branch k. (ThIs is modclled instead

as a simp le self admittance).  QED.

L

-10-

-~~ 
~~ - - •~~~~- 

.
5 -  ~~~ --

~~~ - - L  * -



--—- ~~~. 5

After deletin g the last term in (9), the change in the

branch admittance matrix V due to a change in branch

admittance k becomes

L ~~~
= 

~~ - 
~~~ 

; 
~~~~, 

-

+ A  R Y + A  R (1;’ )
—y —411 — 

y 
-
~~~~ 

--
~~

where a - V is the Norton  equivalent current
- - coupling matri x and 

~ 
- V ~ is the Norton equivalent

transc onductance matri x (see Johnson and Penningto n [lo]~ . We

wil l  now show that all terms on the right side of (i~ ) contr i bute

elements on ly to one row or coi umn (except the ter~i ~ ~~~~, , q .v.

if only one network paramet e r is changed. As a result.  ~ n ay

be written ~ v~, as exp lai ned in Section P . 1.

1. A places a te rm in elem ent (k ,k) of A.

2. (A ~ ~~ ~ 
(A y)jj~ 1~

j
~j

(A
~

) m1 ~‘ij
= O , i~~~k

Therefore n places clem ’~nts only in row k of A.

3. (~;.~,) j j  ~ iij~~ (A ~~) 111 1

= 

~~~~~

= 0 , j~~~k

Therefore ~i A~ places elements In co lumn k of if branc h k

contains current controlled sources.

4. (.~!, ~, ~~~~~~ 
= 

~ ~‘iIT1 (i’-~, ~~~~~~

~iK ~~

~‘1K y~~i~ ~‘KJ

-11-
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If such a temi were present , the network mode l would contain

a controll ed source In branch I which was controll ed by

the branch cur rent of a branch containing a controlled source

(branch k contains source i’~~~
) .  Such a condition is not

allowed in the model [10], so p = 0

The final two te mis in (12) contain the product .~~, R .

ilement ~i , j ) of  this matri x is

~~~ ~ (~ , Y~111 ~~
)
~j

= (~~)~ (
~~11~~~~ 

0 , I ~ k

~ y ~m~ki 
(A y)kk ~ m~kj 

=

We now cons i der the fina l two ten s in (1 P)

~~ 
~iII ~~ij  ~ ( A ~ 1il~~1111 ~mj

= 
~~ ~1T1~~ij 

\‘~jj = o , i ~ k

~~fl ~~ki (A y ) 
~~ii~kj Y 1~ V 

~
Therefore A~ ~~ 

V contributes terms along row k of ~

6. ~~ ~ ~~ ~ ~ (A~, fl~) 
~~~~ ~~~~ 0 1 ~‘ k

j = 
~ 

(
~y ~iu~ktii 

~ n)mj

~ ~“y~u~ ~ m~km ~~m~mj

= (A
~

)kk ~ ~ m~km ~ m~nij V J

Therefore R contributes terms along row k of A

a lthough few , if any . suc h terms arc likely to exist since

the presence of this term requires that the network conta in

-1 2-
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a tra usresist ance controlled by the current In a bra nch con-

tam ing a voltage controlled source.

2.1.2 Parameter Change is a Tr a ns rcs is tanc e~

If a ch-inae is made in transrcs i stance 
~~~ 

. then

becomes + A , ~‘here is zero except for elc~:cnt (Ar)i j
Replacing 

~ft1 
by ~~ ÷ A~, in (8) and perfo rmino S m e  al gebraic

reduction , Y~ becomes + ~~w hero

(13)

Both terms in (13) contain the product V . Ixpanding

element (r , s) of V

~~~~ !‘ r ~rs 
= 

~ 
‘
~
‘rrn (‘i r)nis

~rr ~ r~rs 
= 0 if r ~ i, s ~ 

j

(~ t~r) j ‘
~
‘j
~ 

(h ) . .

Therefore V •
~
,. has only one non-zero clement (I , j ) .  W e now

expand element (r, s) of both terms of (13).

L 
~—~~r ~-~rs ~ 

(
~
Y
~!~r

) rm ~
‘ms

= 

~-~~r~rs ~ss

= 0 , r~~~l , s $ j

(! Ar ~~~ ‘
~
‘ i i  ~~r~ij ~~

j j

1 The reader may skip this  sect ion without loss of continui ty .
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Therefore V Ar Y contains a single non-zero clement (i

2. (!_ Ar ~in~rs ~ 
(!_ Ar~rm ~~m~ms

= 0 .r~’ 1 , ni~~ J

V Ar ~ 1~is 
= 

~~~~ ~~~~~

Y~ (A r)ij ~~ H1~ jS ‘ ~

Therefore V A~. cm places ter m s in row i of A

2.1.3 Parameter Chan ne is a Current  (
~a i n ~

If a change is made in current gain , then is

changed to ct + A , where A is zero exce pt for element ( .~ ) .

Replacinq ~~hy ~~~~~+ ~ in (8) , af t i - r some ci nebraic reduction

become s Yb + A , where

A = - A Y - A C ( 14)
— —It — -V—Vt 1ll

We now expand element (r, s) of both terms of (14).

~~

u ~-~rs ~ (A~)~ 11

= ( A ) ,~5 ~ss 0 , r ~ 
j , ~ ~

(~~ Y_)~1~ 
= ( A ) mm Yji

Therefore A V contains a sing le non-zero element (1 , ~i )

2. (
~~~~ !~u) rs 

= 
~~ (i~ ),,~1 (~ \~~)~~~

= 0 , r ~ i , m ~ 
j

~~ ~in~is 
( A ) 11 ~ m~js 

‘

Therefore A G contributes elements in row I of A—

L t The reader I lay skip this sect ion wIthout loss of continuity .

[ -14-
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2.1.4 Parameter Chan~~~is_a V o l taqe Cain+

I f  a change is made in voltage gain , then ~ is changed

to p + ~ , where A is zero except for element (A ) 1~ . Replacing

~~by ~~~~~+ ~ in (8), after some algebrai c reduction becomes

+ A where

A = - V A - c Y A (15)- --Vu --- -v

We now expand element ( r , s ) of both terms of ( 1 5 ) .

1. (Y_ !’j) rs ~ 
‘
~rm ~‘p~ms

‘I’rr ~ p~rs 
= 0 r / I s 

~
‘

( YA )~~ = V 11 
(
~)~

Therefore V A contributes only one ter m to A- --u .

2. !. 
~i)rs 

= 
~~ 

a~~~p~ (X. 
~1)mS

= 0 , in ~ I , S ~ 
j

= 

~ri (Y
~ .~

) j i

= ‘r1 ~
‘ii (A ) 11 , V r

Therefore a V A contribu tes terms do w n coluirn j of A
—

2.1.5 Parameter_Change is a Transconductancef

If a change is ma de in transconductance (Gm)jj then is

changed to + Ag where Ag is zero except for element (Ag)jj~

t The reader may skip this section wI thout loss of continuity .
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Rep lacing (
~ by 

~~~ l1 
+ Ag in (6) , after sonic al ebrai c reduction

!b becomes + A where

- 

(16)

We now discuss bo th terms in ( lb).

1. contributes onl y one term . (
~~~~

)
~~~ , to ~

2. (2
~Qrs ~ 

a~ ,11~ (A q )~15 
= 0 , m ~ 1 , s ? .1

(j Ag~rj ‘~ri (A
g

)
j  

V r

Therefore ~ contribute te,-~ns down co lumn j  of ~

-16-
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2.2 Finding Independent Measurements

In Section 1 we discussed tile problem of so lv inq the nonlinear

equation ~) (x_) M , in w hich x is the unknown parameter vector of

dimension n , ~ is the vector of in network responses measured at the

accessible ter m inals , and M (x) is the vector of m network responses

ca l cul ated fro the network model . The three cases (m<n , m=n , rn>n )

must he considered separa tely. Ransom and Sacks [~~] have discussed

the underdetermfned case (m<n), wh ich is not very pract ical  because

the fault cannot he resolved sat isfactor i l y  in this case. The second

and third cases (m~n) cci be so lvci  Ly finding the para meter vector x

w hich minimi zes the norm 1 IM(x) — . (This approach has the

advantage of taking measu re ent error into account in a sensible way

in the overdeternined case , n>n ). In Section 2, we d iscussed the

so lution to this optii i zat ion problem by means of a search over the

pa rameter set x. t\n alternative approach , wh ich provides some ins ight-

~~~~~~~ into the question of independent measurements , is to ex4 lar1 ~~~ in a

Taylor series about the nominal parameter set . If we truncate

the Taylor series after the lineal’ terms , we obtain the approximation

M ( x )  = M( x ) + F (x )(x - 
~~

) (1C)

where F(x) is the Jacobian Matrix defined by

I - 1 ~ -1.. (1’ii
J (

J
1. j = l , 2 , ..., n

From (16) the linearized form of tile equation ) = M is determined

to be F(~~) ( x  — 
~~~

) ti — M(~~ ), in which , as before , dim (x — 
~~~ ) n

and dim (M-M) = in. Since we are treating the overdetermi ned case m>n ,
L

- 

-17- 
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we proceed by im i nl im iz in g I IE~(x —x 0) - (M-M~fl , where 
~~ !(~~~

)

and ~ M(x 0 ) . The mi nimi 7ation of the norm is accomplished by

first definin g the scala,- function

ft H F ( ) - (‘~ N f l j 2 -

= 1 5 ( ) - (~~N ) ] T {F ( x x )  -

= ( x x ) T FT 
~~ (x-~~) (18)

2 ( I I M ) T F 
~~~~~~~

+ (~~~~) T (~~~~~)

and then takin g the d i f ferential of ~ (x ) :

d~ = ~L(~
_
~~)T FT 

~~ 
- (~~M ) T 

~~]dx

+ d x T FT F dx (19)
-

At a minimum of ~(x) , d~ p1ev not chanoc sion V V~~~~e I  dx chan qes s ic~~.

Therefore a necessar y conJi t ion for a minimum of ~- ( x )  is

(x-x )T FTF - 
~~~ 

)T F 0— --0 —0- 0 — --0 -
~~~ —

or

f~ fO ~~~~~~~~~~~~~ 
f~ 

(
~ -!~~) . (20)

The dev iation x-~~ of the el ement val ues from thei r nomin al value

may be fou nd from ( 20 ) if the nxn matrix is non-singular , wh ich

requires in this case that rank (F) =

We do not necessarily reconinend using (20) to determine the parameter set x
of the faulted network , althou gh this my be the most efficient approach.
See Section 3 for a discussion of computational comp lexity .

[
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Since m~n , the m~n Jacobian ma trix F has at least as many rows

as columns , and the nu~ximum rank of F is n. The rank of r is less t I~~
n if any colunui of F is a linear coe5 ination of the rema’lninq columns.

• T ue  simp lest case is that a co h~. in is a cons tant mel ti p le of another

column . Suppose , for example , (col 1) = a (col j ) , i.e.

a -
~
-

~~~~
- (k = 1 , ~~~, . . . ,  (21 )

1 .3

One obvious wa s ’ this can occur is if para~;a tn-s x~ anJ x~ are two li ke

elemen ts in series or paral le l  . Supp ose that \~~arJ x
1 

a~’t’ t~ con—

duct ami ces of tmi resi S to rs Ii) para l lel  . so that y x 1 f \ ~ is t i e

com5i ned condo ~itmce - J\1 I transfer f . nc 1 1  oi s eh i J JO not access

separatel y the inputs or outputs ot cod may be ~- n i  tten ~~~ (v  .z) .

w I e m  a a is the ~ccto r of ~ 1 rietme rL nerauotc ~-s  C \ L C O t  x~ cod -

the pci -ti al Je -i vat i  ~as ef Mk ~‘i th res pec t to and .\ are

— ~‘‘ K ~
y 

—

• ~
) X 1 

— 

~y

k k v — L
ay

Thus (21 ) applies wi th a= l as asser ted.  T his re~ol t , that  no dis-

tinct ion can he mia de between imbedded l ike o le - a n t  kinds in series

or para llel , is intuit ively reasonab le.

A less obvious c\ar pl c of column Jependency is il l us tm -a ted by

the simp lified cascaded amplif ier c i rcui t  shown in rigure 2. POf inc

the transfer functions and network parameters

- i  
~~~~ 

~~~~~ ~~~~-~~- _ -~~~~~~~~~~- - --
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M = = x 1 =

- 

M2 = = q,~1n ,R1R2R 3 x 2 R2
N3 - 

~22 ~~~3 x 3 = R 3
=

x 5 = (112

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 2 - Simpl ified Cascaded /\mp lifier

The trans impedance z 1- , is not USe(I in this example beca use its ~‘alje

is zero . The Jacobian matrix ~e~j iax j } is

1 0 0 0 0

F = 9nl q 9 R2R3 9n11 q,~2R1 R., 
~~ ~,112R1 R2 1

~m2 Rl R2R3 q R~ L,R3

0 0 1 0 0

If g~ and q,,12 are equal , then co lumns 4 and 5 are identical . This

doesn ’t reduce the rank of F in this case (the rank of F is 3) ,  hut

It could in practical cases where F has more rows than  columns (m~n).

Conti nuing with the problem of column dependency , suppose x ,~ is

the conductance of a resistor in parallel wi th a capacitor of

capaci tance x,~, and x = x 1+J ax~ is the combined admittance. All

transfer functions which do not access separa tely the inputs or
1. outputs of parameters x .~ and x~ may be written MK (x ,z) ,  where z is

E the vector of all network paramete rs except x 1 and Xj .  The partial

-20-. 
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1
derivatives of MK with respect to x 1 and x3 are

aM a~ aM .
(24ax 1 ax ax 1 

— ax 
-

aM a~ aM
= . = jw (25)ax ax ax . ax

.3 3

Thus (21) applies with a=jw . Col umns i and j of r are dependent ,

so ran k F < n a nd the nxn matr ix FT F cannot be i i - r t e d , s ince

rank FTF < n, if m~n. As a consequence , (20) cannot be solved for

the new parameter vector. We have discovered the surprisi ng result

that the identification problem cannot be perfectly resolved if the

number of measure ments is at least as great as the number of

parameters and the network contains imbedded elements in parallel

(or in series).  That rank (F) < n i n  thi s case will he i l lustra ted

now by an example.

In this example it is necessary that .m~n , and we have chosen

the simple 2-port network i l lustrated in Figure 3 in which m~n=3.

1,:J_

~~

02 s

Figure 3 - Two-port Network .

[

_ _ _ _ _ _ _  ____________ 
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1.
We choose the three transfer functions and parameters

Il
l ~l -I 

— + + ( x 1 [V

x~~— C

N3 ~ 
:- j~~~C - m G x~

The ~laaob Ian matrix { ~~~~~~ }
11 ~~~ V l~~~~~V ,

f ’ - 0 (.1 1

- 
0 1

as a ss o r ted , co lumns P and 3 of I a m —a depe ndent • 5j n~-e r a n L

F = P . the faul t  a na ly s is P I V ~~~h1 ( .~~~ (V annot he fim i lv ra- .a lvcd l am ’

this problem.

in seine eases the cal umn dependen~~- can he removed by

Inc reac i n q  the nu ’ 1’er of i ;i ’m; ure inamit by us inq  athe r 1I~~q tR ii rV

In th is exampl e i f  , M.,  and are dci load as b lare at Ii -~pieIm v

~~~~ amid M , ft and M a ia  the same I rae ft m - lone t i ens a t  t ie  o i ,e i i  v1 4 5 0

the Jacobi an matr i V\ Is

1 - -

— V~~~~~~~~~ S~~• V j  1

0 1 
•‘ V -~

0 ~1t ~~ 1

- _ _  1

— 
:~~~~: 

—

and rank (E) — 3.

- 

I. -22-
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Another way to handle the problem is to split the transfer

functions into thoir real and imaqinary parts . Continuing the

example , define the transfer functions and parameters

1 - M1 ~ ra(y 11 ) x 1 L.
- I ,  A 1Imu(y 1 i ) 

(
~C — 

~~~~~ 
x., = C

I M3~~~F~~(y,~1 ) G  x 3 = G

V M4 = Imii(y2 1 ) =

Now in 4 - n = 3, and the Jacobi an ~~~~ tm- i x is

~~~0 0 1

- 0
=

0 0 1

and again rank (F) 3. Si rice and are i dee t ica 1 , ro~c 1 and 3

of F are the s ame . This doesn ’t reduce the rant. of F. hut : i t is cle ar1, that H3 nmv he di sca m-d od i- , - I thou t reducing the in fonnat i on of t h e

L measurc uents.

- 
- 

From the disc USSi  on above I C  conclude that the measure me nts

I ~ should be spl i t  into their real and imaginary parts , and more than

one frequency should be uscd , if necessary , to make the number of

measu rements at least as oreat as the number of network parameters

(m~n) .

in practical examples a considerabl e amount of computation is

needed to find the functional form of the elements of the Jacobian

matrix. Sen and Saeks use suCh functional forms In their discussion

of the problem of independent measurements [6] — [8] , but admi t that

no theory yet exists for choosing measurements while taking numerical

-23-
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considerati ons into account.

In vi ew of the discus sion above , i t  apnea rs that the roost
V I practi ca l approach to the pm— ob lvm of i denti f yi rig a suf f ic i ent

‘ 

nunher of I ndej’eiidcnt ;ieas ur mce r i i~ (iii~n) is to exim i tie th e

numer ical coud i I ionin~i of  the f lXI l  I V ~~~ tn x F 1F - ev a luate d fm - mu

the nominal ti e tmork parameters . f in al oar it boa fo r ova l ua Ii nq cond

(i T F )~ i s  giv en ~ rem - nv I Ire and Mel em- [12].

is tahi I ski i i  a mis a fu 1 sc I. of . i n pendeat v- ’asura ; 1(n I’;

t-cquir es scar -J~inq icr s in cond (E li ) avci - vai i eus sets of tri a l

meas urenients and frogue t ic i as . t i  s time con’; umi na s ra r ch s

m os t  sul b a t l e  ta  a “simulat ion befor e test ’ pi-e~ ~ss i t .  , tile

best set of mcasurc ’ ; :ents is rs ta t ’ l  j~ had l
V
r .ot V i the c~ i’ LU l  I

before test ing the 1,iul Iv c i rcui t  . 1 he contr act  pe r iod wa s not

suffic ient ly long to per-m i t trvincr this proced ure . hut a wc ’ r - k i on

a 1 qori thin is i n  i~
’(

~p l  r i  Ii on

2.2.1 Co~:ut i  nq the Jacob ian Hatnix

The Jacobi a n matr ix is def in ed Nv r ~~ (x ), / ;x
1 ].

i:e have ta ken the ne two r k  respons es H (x )  t o  he the ie al and

— Imaqi nary parts of tile y- - pa raise t ar - s a t the .icci ’ss ill e

termni na l s , where , I rem (~~ ) -

~~ l 
~~

] 
- 

~~ 1 ~~b~~ 2 
(
~~~~Y~~~~~~

)
1 

~~~ 
(Po)

— —

t If A i s a  square  matrix , con d (A) ‘is defined to hr the ratio of the larnect
to smalles t e i qanva l I la In abso l u to value . Thei ’cfere u~iimd (A ) ~ 1 . and 1
va lues for cond ~A) i tid Ic - e t a  rice rly si nqu 1 d r  matric es I or whi c.h the nunmen i a l

L evalu ation of A ’  may he incani nqless.

L -24-
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and so we want  to compute ~y/~x 1 . Makin g use of the identity

— ~~- B 1
—

a nd after muc h algebraic simplif ic ation , we find that

I a’~h I T
~l 

{ [I - Y~~~2 
( A Y ~~

T ) 1 A j  
~~~~~

- 
LI.. - ( A Y A Y 1 A~~’)

In ( 2 7 )  the seco nd term i mi squar-e br -ack cts

LI- — 

~~~ ~~~M-2~ 
— 1  

A~~ Y~~~] , is  avai  labl (’ from the nonil nal

analys is .j - The firs t term in square brackets ,

— 
~b~d -2~b—~--~ 

1
~2 ] , is very s m u  li r to the st ’c:end tcr -su

i n  square brackets . In fact , i f the network mode l contai red

no control led sources , ~~ ~,‘ould he symm ctri cal - and these twa

te rms would he the transpose of one another. The r I eli I s I d1

of (27) could be computed very ef f ic ient ly  in this cas e .

espe cially since aib/~
x
~ 

is very sparse. Unfortunately t-~c

cannot take advantage of this situp1 i fi cat i  on - h -cause the

c i r c u i t s  of greatest  concern conta in contro lled sourc es .

An alqori thm fo, computin g the right side of ( p7)  as

efli ciently as possible , taking advantage of t he sparseness

of a
~,b/

~
x I , has been w r i t  temi . Tire reader is refer-red to the

listing of subroutine JACCOL in Appendix 1.

The term appears in equation (4) and is computed as the array I)(,) in
subrout ine Y~L~T. The list ing may be found in Appendix 1

-2 5-
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3. Co iip,utat iona1 c~~p1exity

The algorithm described In Section 2.1 makes use of a formula of

Househo lder Ill], which eliminates the need to invert the inaccessible

nodal aduri ttance matri x V ’ to cal culata the a cess ih ie trans for- functions

y each time a parameter is changed .~~ I n n  this secti on we ce;upare the amount

of computa tion required to complete the search for n u n  ~f l (x)~!1~ usinc ,

tin is effi ci cot a lgorithm to the amount of compu ta t  ion whi cii would be re-

quired if we re directly inverted at cccli step of the search.

The counpimt ati ona 1 comp l cxi  ty wi l l  be des cri Ned i mi te r-mus of t lie number-

of complex mu I tip1 Icc ti otis pen-for me d by the a lqoni thin . This depends on

the network configuration and specif i ca lly on t ire ~wuniacr of accessible

nodes , inaccessib le nodes , branches , controlled sou u-ces , etc. The

compu tationa l complexity of the eff ic ient algori thm is even usare d i f f icul t

— 
to es tin !i te SI 0CC it depends in addi ti on , on such measures as the frzicti on

of branches terminating on two inaccessib le nodes . t u e  f r-action of b ranch es

terminatin g on on ly one inaccessible n ode , etc . For these n-misers we have

made the follow ing as st mm pt io ns : the tota l number of network para ’urtr’ rs n

is 1 .1 times the number of branches , t i re number of branches is ~ .2 t i nes

the number of inaccessible flodes , 4 b -  of the branches ter minate on

inaccessible nodes , 55~ of the branches terminate on exactly 1 1 nac ces c i  ble

node. Using these assumpt ions , the couuuputationa l comp lexity ccii be calcu—

lated in terms of tire number of inaccessible nodes. q.

The basic steps required to compute the measurable y-parameter matrix

are the same for both the di rect and the efficien t algori thms: (1) the

new branch admitt ance n~ trix is formed ; (2) then the OCW nodal admittance

matrix is formed and inverted ; (3) finally ~ is computed.

• 
See equations (4) - (7).

I-.
-26-

- -

‘ 

- 

. 

~~~~--~~



- ~~~~~~~~~~~~~~~ — -‘-- ‘-‘—-- - -— ~~~~~~--r~~~~~~~~~~~~~~~ 
_ ~~~~~~~~~~~ 

-
~~~~~~

L
- Steps (1) and (3) are identical in both the ef li ciemit and the

direc t methods. Makin g use of the  assumptions discussed above , step

(1 )  requires about 0.Obq 2 comn plex m ultip licatio ns , arid step (3) requires

about 13.31 q2 comnpl cx nul tipl I cati ons for a total of about. 13. 36q 2 
con~i lex

mu l tipl ice Lions for steps (1) and (3) combi mmcd .

- 1 Using the ef f ic ie nt  ci qori thn to invert Y ,~ discuss ed in Sectier 2.1

step (2) requires about q2 + 3.4~q + 4.21 co :-~p lex tunul t ip l ica t i o t i s .  Us ing

t he  direct inver -s iom i of Y~ , step (2) requi n-es about 5q3 + 0 .6lq ~owplex

f multi p l icat ions .

Tile total number- of conip i cx as 1 tip 1 i c~ t io ns necess ar y  to find the

- - measurable y- pa rameters y after a si ti t le  para net ei- is charmed is t here—

- for-c 14.36q 2 
+ 3.45 q + 4.2 1 using the efficient algori t h i s am id

5q 3 + 13. 36q 2 
+ 0.1 Gq us i ncr the di rect ci son thnu . The eff i  i cot ci eon thin

is clearly very superior.

A Fibonacci search using 7 evaluat ions of y is per-fo nured for each

- parameter , and the nua ’ e m - of parameters is ass unued to be 1 .1 t imes the
_

~~~ number of branches or about 2 .42 q . Thus the ri ~c r- of co mp lex inin l tipi i —

cations requ i red to search over all pa rwiu cter -s is l6 .94q times the va lues

II cited in the previous paragraph. These results are shown In F loon -c ~ as

a function of tile numb er of inacce~sible nodes q.r We close thi s sec - ti on wi th a discussion of the cemiwtat .i onal

complexity of for-nui ng (20) and solvi ng for the unknown par-ameters x .
E l  Three steps are required :

(1 ) form the Jacobi an m a t r i x  F , whi cii has a column for each

parameter and a row for every measurement;

1 (2 ) fon~ the product F.
TF;

L (3) solve for x
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I
I Using the assumptions discussed previously, s tep (1) requires about

9.29q 3 
+ 26.I4q~ rea l mult ipl ications per parameter for a total of

I 22.4Lq 4 
+ 63.26q3 real mu l ti plications . Step (2) requires about

2.93q2m i-cal inul ti p1 ications , whe re nu is the number of measur em ents .

Assu ming that nu 2ni 4 .$4 q, then st e p (2) requi res abou t ld .18q 3

~ real i :ul ti p1icat~o rs .  ii i cily step (3) i-equines about 1 .72q 3 + 5.~~q2 - 0.~ 1q

real mi ni ti p1 icc ti ons . Therefore the total numbe r of co~np1 ~~~~ isul tip i I ( a  i i o n s

1 (1 complex nil tip li ca ti o n 4 real unul tipl I cati Oti s) to for-i - (20 ) and solve

for x is about b .62q4 + 2U.N1q 3 + 1.47g2. This is also plo tte d in rir~ u-a 4.

4.0 Conclusions

1. We have studied the prohl ems of hi gin u-csc l utI on faul t di ac;eos is in linea r ,

r analog elect r-ical circ uits in mii i ch a l in i ted neaber of terminals au - — a ccess ib le

for measurement. lk~ have chosen to desc~-i he the faul ts in terms of shon - L ci rcui t~—

- 

betw een pci n-s nf nodes and the va lues of i a ~’a~—~toi’s I ri the netwo r k mode l ( n — c s i s—

t ances , capaci tamiccs , inductances , and con trolled source gains ) . T h i s  apnrea c h

is an ou tgromth of our previou s study [4], [5] in which the faul I d e s c r i p t i o n  was

- given only in terms oC short c ircuits .
- Specif ical ly we have developed and tes ted an ef f ic ient  alnori thai fo r- cen; ’utiun

network responses (tm -auis fer- function s at accessible t~ rm ina ls) after a single

parameter is changed. The parameter chanac does riot riced to he snail , and in

I - fact the alqor’i thm calculates ex act ly  the niu, ’ network responses - no ma t t e r  how

- large the parametcr  chancie is. This algori thm was deve loped for use in a

over the network parameters for the network responses which best match the

measured responses. The computational complexi ty (in terms of the number of

- 
complex multi plications ) of this algori thm , which takes advant age of the special

relationship between the network before and after a parame ter is changed , wa s

found to be very much better than the computational comp lexity of a direct

al gorithm. (Sec Figure 4) .  -

L -29-

- ~~~~~~~~~~~~~~~~~~ 
- 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



______________ ~~~~~~~~~~ - r--r r r-~~~-- -,.~~— —-—--- - ----•-- -~~~~— ----------

I
I n  add i tio rm mc studied ti ne problem of choosin g in set of measurements for-

fault a n maly s i s .  We have found that the su i tab i l i t y  of a set of uieasurc mem rts

for- resolvi rig a f a u lt can be expressed i nn terms of t he Jacobian n itrix F of the

nc tm o r- k respons es (t i re pa rti ~il d~ri vat i yes of the not~ ork responses uvi t hu rc , ; icc t

1. to the cc t~nrk pa ra re  ters ) . The fau 1 t can he resolved to the no tmoi - k pa n- a:: a ter

level oni if the nsa - he r of ac os urero nt  s mu s at least  cc great as t ue nut he r— of

natt -~r. l’an - a:ac t t t S i i  and , in addi t I on , thi~ rank of I is i-i . This la t te r  condi ti on

can f a i l  in the ~.- a  t i  c-u s wa ys i l lus t ra ted  i m u Sec ti 00 2 2. lire i i iOS t proini Si  0 5

to t i nd a set of i ilde h iol den t i e e s t r u - o i a e r  ~ c I mi priucti cal cases ap h eoi~s to he to

cx ami t ie t i c  t une ‘i ca l condi ti oni n~ of the nx mn na tn-i ’ FTI over’ va r- i  ens co:a~ i nati ons

of n;aas urt - :cnts (in � n ) . We have wri ttemi cmi € t  ii c icnt  ci non thm for fo r— mi ig the

Jacobi an matr ix . Findinq the ‘best-co nd i ti ci~ ~t nxn attn - i x FT F ap pear - s to he a tine

Consu n ncr p m- ocess mhi cb sc- c- : :; host sui ted to a ‘ s isu l ati on~bafore• - tcst r l ’O CCSS

t-Th i le invcst inat inq the iaca s u reia em rt prob lem mc d iscov e red that it icy he

possible to acc ura te ly  a p p rox iaa te the pin-anieter sot by solv in~ a se t of ii ne ar

c~uat i ens in wh i cii the coeff i  ci cot nuatri x is IT F . The co~ ~ uta t io i ta1  coa id l cxi ty

of for ming and so lving these equations incr eases as q4 (q is the niunber of in-

accessi b le nodes) . i-zhereas the cnnnputa t I end compl cx i t. ef an off I cie r mt st—a ,- ch

— inc n- ea se ;  as q3 
. However- , Fi qure 4 shows that one cycle of the linea r- appi - exiuli a—

ti on is less complex than one cycle of am-i ef f ic ie nt  search (using a SC V CO point

Fiho m uacci search in each coordinat e di r- ccti o n) for- rm et t- ’ork s hav i t in  fener than 411

inaccessible nirdes . Until testing is cesi le ted , howe ver , it is impossib le to

jud ge how many cyc les of t ime linear approximation are needed for a good so luf io,i ,

and problems of convergence arc a lso possible.

5.0 Future Work

We have developed several eff icient alcrori thnis for computing network

responses and partial derivatives , w hich can be put together in various ways

~ L
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to so lve for t h e  har~ arte r va lues and short ci m-c u ts , if any ex ist.  W o n— h is

r current ly in proaross to eva lua t e  the vari ous nays these ci qoni thns can be

used inn for i ng an at t to i iinti c finul t di ease s is tool for analog ci no tn cal ci rcu I ts

- j which has the best co r h i  nation of eff i  ciency and rd ial i i i’ . This process w i 11
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‘An (‘(i lls ’ ) C I’ Il ’ tII5gf )’~~h~
- ssf Pss’ih d gst ~t •s~st I0.SIsg faIsIt IIISI.I1II ’fl ~ 

and t~UI ’$ s’i~~ ’. \ s ’s) ) s ss s I i$
~~ Ih’ s ’ s~) I% (‘ 1 1 ( 5 ( 5)5  of I

~is’en by SIiek’ ansI L)Iseity I I 2.I and iss t i ll . sI~ l IIIC the ~i i node Is ’ s 151 tins ti ins-’i~ h’n -e

S 

OOQ~.4O’~4/7~ (I’~~,l I~1’S~~I~1 is 
~~~~~
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• 

‘ 

branch which contains IC current conti’olkd source does
I not control SlI~ ’ ssW t s -’(’, (l ien the inverse of I + )‘R,,,, —a is‘ “IIi 1 “ YR,,, I-’ it . Sint’~ fliost i t~’l ~~’ s ’si k s. s ;sts hr modeled th is‘I • 

‘
~~ 55,_ ly l  foriiting the node CqL15’t tiOflS does 115 51 present any

45.- dill ku1t~’.L~ ‘h u e  i~ ci”siI,1e flO(ICS )Ut’Is’C been nunihered 0—p. aiis-I the

I 2 O-~--~ PA ( A ) R N~~~~~~4 s - ~ 
~~-055 

~~~~~~ t f h  n~ k L~~~~
. I ti lts ) ~(s,’(’Cs.’.Iht51’ 5ind ( I t tS5 ,’CC5 ,S% )St C flOdCS

-
: ~ L 

~~~~~~~~~~~~~~ 
~i~~[’;~~] 

(5)

‘ - - ‘ whs .’re .1 
~ 
is t h e  i’ ~< t ) t S ’ SCt . 5 t ~~s.’ t l t t I I”t \  s t  tt ~’ s, ’ . s.Sit ’ IC iiodcs.

I ‘
~
‘:ii::

—’—s- 
~iiid _4~ is the q \ n IUC ’ sd5.’ ; 5 ( ’ C’ 5 ) 1 1 1 1 5  .~ 

( ‘I 151 ,15,1 s ’ ” s . s h )~~ )1t ’s.I)’S,
‘ “ 

‘1 ::’ ~iii~I q ~~ ,i “ I; IS tile ii~iiis t~’r s ) f  i f l ,S¼ ’5.’C’ s ’SIl’~C (t()dCS . t . 1’sing
,: — 

- . (S) II ~ (2) t I l l s )  )‘SI$r ti(i(’st) iIIi~ I ,iiis-1 C ~5S to i ls Iws:
I Fit. I. 1 s s s t ’ ,s s  Iuitqx~I’par’ssstcter nst(ss’ork s.s.iLtt p 5’ 1 acs.’es ’ss btc tcrII’sl.

ha l lS. it
,
~~~

S , . .  ~~~~~~~~~

- -5 :i , . . t~ ‘~~js ‘~ 
i.~ 

4’~ (.I::~ 
. - - _ -.K::;:;-. ~~~~~~~~~~~~~~~~~~~~~~~~~~ . .‘i] 

- - -  — w here •~ .tnd e~ ui-c /1 \ I ~ s’Ctsn’ s , and i , ~nsd e2 arc q \ I

I \ ‘Cs.’tOt  5 , 5\’ C’ t ’S t ) t~t i f l

~ . 
‘
~~
•‘ 

~ 
F l

~~
}’s. 4

~
’ : .-1 1 }:~AI e~ ~~

, , ((s)

~~
-‘-- - .‘.--1 

S ‘ — ..—‘

~~ ,1. ) : ,..-1 I ~ 
1
~~~ fr~~ 

C’ j ,~

L 

I
I 1 No~s.’ e liminate ~

‘ , from 
~~

s) I lsi s h I I I . S k s .’ uss~ of th e  tact that
I_ 

______ ~~>-I,’i i~ — 0. SIt is ’t~ nO SflsIs ’~ 
-C5hk ’ l~t Ss ’ IlSt ’~ % as c s ’~’5li1s ’s’lCsI Il’s

‘ ItlIts -’s ’l”~S5H51’ i s ’d~~ ’s , to s 1~ ‘t ,s ) SI

~~~ i i~~~t i~ ’4l . .‘1!( .’l.)i~l!) i
t~~~~1 1 J C)

. - So
Fig. 2. .Stan5lard brands A.

,i~ ,
:~ ~ ):.,[1 —‘ .‘1!(i,~};,.t :,’) ~~~~~~~~~ t~

)
matr ix ~4 ,

IS the p 
‘
~~~p IS) .I(I ’ S~ Of t t1C~lStli ’,iI)Ie l’ ’j ’~iI .S IUs .’ t s. ’t1. sss . ’ I I s 1 s ’~l It.4,, I . if branch j  hc ,t vs ’s node i th~ I5

~’s~ ~ 
1I,Iv ~ II COillfl lt1’)l ~‘gI’s ’5 III1sl “ its s - is ’ ( t S s ’s- tC Il ~~ I ~~~( 54 }lJ = ‘C’ I. if t) IaflchlJ Catet ’s (lOde I 

~~ 
‘I’llc S5l ’s ’S~~s ’ I 5 J ) t  S 1 5 1 5 1 ) 1 5 1  I t s - s I)t ~it t~s~ ‘ j ’.ls S 5 5 5 s . ’ t s ~’ l ‘5 3I’~05 if lranchj t~ (151st tI’ICU.ICfl( (‘st~ n5.-)de 1 cva luated at ICI4 I5S C))C\ ’  s’5~.

Solving ( I) for j  and using the Ktrchh5 sif ~‘ui’rent law I I I  ~~
- 

~~~ I’ ‘\ \%I  ~ Sis
‘ ifj 0 and the Kirchhoff voltage ta~v .1 r~ t’ , j c~in be 

-. I I~t I’ h i C ’ t h e  tfl~lt(’i\ of ni(’asns(’st I )‘ .II. t t l I C t s - ’ s s .. “l~cii~shown that the  network node cqu5t(tons are . - . I -

the nts,’.ssnI s.’t ltC fl l IS 111.1515.’ ,sl frequency ~ , \ f.iu)t i s-~j ’ s  C -

.~1 
~ b4 ~~ ~ ( ,)) sented t~v ti s ls i l  I of I tis ’ sn :‘~ ~s t )

~ ck’incnt ‘s- t$ Iss (”i I’roin their
. flOilliflJl ~‘,dI~

(’s could he ists.’nt sf ied t’v ~s~Is II~~ the nonlin—
where 

~~h ~~ the b ~~ b lsi’~~c%t adn~itt .snce initrix ~ZI\ CIS by 
~~~~

. 
}~ ‘=(1+ }‘Rm s-’~~) 

‘ ‘( )‘ - ‘  1”gt +‘ G
05 ) (3) 

il .
~~ i

~
( I~) (5))

. I and i is the ,i x I vector s,’sf nnlependent ~ “ui-cc cUi’reitts
I ~ (Or the U i t ~ .flU5( it l5 ,II’ t t I l l t ’ l ( i ’  s 115151 ’S . II .1 ‘ s I i l I~iC ui’~~ ) IICtSs. ’\ (S

5
’ . . I ‘ — I - - u sed, ISS ~fl (ti), thli~ itiiinbct- of neIs%’ C’i I., )‘~Is.IIItetcrs l ) s sl I . I I h \ ’s~s - A ( 1  + 1R — a)  ( I t’  ‘j ), (4)

I 
- CSCCCs IS the ssntnl ’ser of lld ’J lCnd ’ l t  I’ ~“)I .II1SCIt ’I %, “s’s thu

‘ 

[ 
Note that )‘t’, is a Norton ti-ansformalion of the indepen— (9) has ito iiniqu’ s.ohi i t soi i .  One 111515) ss .~ds s.n)~~(’’5l5.’si hs’
dent voltage sources , lh”t’aus.c of the choice of standai’d RStnl’onI 5111(1 “,ICkS J3~, is i ts I it isi t itt’ ‘s s ’I IdI t ’ s i t  (~ s i,9) that
branch shown in Fig. 2, the iscts.s. -s-nk C~ fl ai\S’ Il~1S I’st’ mintinilcs .1 1101111 II ) 4, I, 1 1 , ss here ) ‘

,.~ Is .  Cs. aluated front

L 
modeled s.~ tlt current Ss~Ui

’5.’l’5 Ofl%y., the noIlsina) netw)srk ek’ment vall ies. . R, n s s. s isi and
j 

- 
In both (3) 1(11(1 (4) it is ncce~ sar to invert tltc m ali IX gi\’~ an s~’s prs ’sSlns .ltc ‘~ss lii t i ’ s i t  t~ t his. pi’oh~eitt U’snlg iiilI ’ .II

$ + VR_, —a in order to formulate the node Cq LI.lti tsflS methods. lhe 5iI i isCsIIt~ with ibis arproach is that the
Johnson .ind Pcnnin~~ton 

~ J h ave s.)li’Wit that if the solution ass.Iln1~”'. roughi~ s1’s s ’ .ikii ~~, tt i ~ t the fl)0s.i likely

nets.%’ork can he modeled so titat the branch CurTCfltjk of a st ate of the etenici~t ~aIu&’s. ~n the nciwt’stk is the one wh~ch

S - -I 
- . .k~. .  ~~~~~~~~~~~~~~~ ,_._ &,_ —,‘ . S - ’. ’- ’— ’-—-,.. ’ .1,,_.~,,.,,,,. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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causes the smallest drift front the nominal values coit-
. 
I: 

“ ‘ sistent with the measurenuents. h its aSsUIltptiOfl excludes
the possibility of catastrophic faults (open and short ‘

circuits). 4 1 1 0 1 ~‘ (‘ 0

Another approach is to augment (9) by nteastlrcnients i . -—
~~~~

“ I 

~ ~~ ~ ~ ~ ~
. : at a sufficient number of frequencies that a unique solu- A .- .~ ~~~~~~~~~ ~~~ . 

~~

. .

~~

liOn c,s.istS , ‘J’he relationship bets.veen fault resolution and s ~ ~ ‘-I ‘1 ~ ~ I
S ‘ S I

S the number of Frequencies aiid (flt’.CSUI’eifleflis is discussed
by Sen and Sacks (9J, I 10), Ahhough their algorithm
requires choosing a number of frequencies , it is not clear
how this is done, 1IIUS we tutiglit define:

5 5 -  S T
~‘~~~(,v1,I(’J ‘ ‘ ‘ 3”  SS) 

(S
(a)

y_ 5 ( ,~1~ ,~I)~ ‘ )
T (10)

and solve the equation i 4 4

,i
~
-” y( }’;~), (II) ~i’—’

~
.”—’ 

~—:2T 
t I 0 5 (~ is ‘5

Nonlinear equations, such as (1 I), are often solved b~’ \“

~~

‘s

~~~ ,>‘
~~~
( / A ~~~~~~~ ~ ~

S
.’:
i 

,~~ , 
15 (A

defining a norm “ ‘.“ ' 

~J •~ 
— ,t’~, and thets. nsaking a muitidi- /

mensiotial search for mm ‘ . The atnoimt of com putation j ,  1 ~ ~ ~ ‘5

required by such a seardi coukl be prohibitive. (lien and ( 
~ 7 s-’~5-’’5 R ‘ ~‘s ~ ~ ~

Sacks f4) show that if 0111)’ one parameter is changed at a 
/ 

° ‘5 : ~
- time, the measurable s\ ’stcin function ca n he evaluates-I /

without the need to invcrt a matrix, s.s.’1t~cls is apparently
necessary in (8). Their method, is based on a formula
given by Householder E~1~In this paper we show lit.’ss.v the h ouseholder formula i ‘ 4

c,Itn be use-.1 to efficiently analy’i.e nct\V ISI’ kS ~‘oi5t.ls~lisS ~ 
‘.‘ 

,“
~~ S ~ 

‘‘
~~
“

~~~~
‘‘  

~ ~~~~~~~~~~~~

short circuits by considct’ip~ the change in the network / I A U (5 II ~ ‘1 ~ ~ 
1 k&

graph. The measurable effects of open circuits ,in&1 fin ite ~ /

;)aran~eter changes can be anal\’ ,’s’d ls\’ considering ~ ~‘ /

changes in F,,, and although tit is is esst ’s~ ta1hy equivalent 2

to the nscthod described Is’s’ (‘lien and S:~s’ks, it is g~vctt ~, /

here in the context of itOsitil .IISSl I)’SiS IsO that all par;Imeter ,/ ~ —°.- -
“ -~~~

changes can he analyzed s.s.’ith one formu lation of the ,/ 
‘

~~
‘5”5 R - ~ 

1) ~ ~ ‘s

network equations. 
~ 

5

(C)

A, Short ( ‘irci: its
11 ts.vo nodes of -m nets.vot’k become shorted t he new ~~~~ 

, ~ ~~~~~~ (‘I s.)~s ’ s I  5”:~~III( s. (‘TI sss ’,i’.- I, ’ I)’ snch ss ~~ 1s 15’Il s - C 1551551 I S . .~
S 

, , 
, . 

. 
5. 5 - 

‘ . (n ’t (‘)s ~ 155 .“~I ~~ IS’s (‘I I ~‘ i ap ls . ( i s )  ~I ~ 5 ’ I  I C S 5 5~ 55% I ts~lvs ’~~ s . s  ~ 55)151 .~

nodc—to”hranch incidencc niatrlx A’ is related to thc ()r lgi ~ (C) Stnsd CI IST ’S l i  Is.s.(\\(CII sss ’sls ” . .  ~ ssss d i~I s ’s i5sI ss t  (I.

nat incidence nTa(rLx in a very simple way. If  nodes I 5(11(1)’
are shorted , then A’ is fornwd by replacing rosy i by the
sums of rows i andj. and tlic;t (IC. ICtSfl g row / . If ito~e I is l’he R matrix is the “aftci”to’bcfore ” node t t , i is s f sst  Ill_ i

the ground node, then ~4 ‘ is formed by dcleting ross.’ j ,  tiofl inatris , whic h has a s- olunlu for t’s.’ei y 05 i~ iilal itod~ iii
These row transformations can he obtained h\’ pi’emuhti’ the network and a is-s w Is-si’ es.’t’iy node after the fault.

plying A by a matrix R5 each clement of whicI~ is either 0 (Since node 0 s- Iocs not enter into .4 . it does not 5. ( I’s (5e8 ) in
T or I. Fig. 3 iHustrates the row transforinatto it nuatrix R citlwr.) ‘thus R m a y  l ’s ’ ~~~~ 

t it~’sned 1’s\ s-’oi L Ifl hits. and

; describing two different short circuits (one involving the rows into t ite acccs s. i lsk ailti inaccessible nodes before
ground node and the other not ins’s- ils. log the ground (coltimius) and after ~rOs.s’s.) the fault , as. shoss. n in l’it~. 3.
node) in a network with 5 nodes and 7 brar,ches. The 1)cnoic the partitioning of R by
incidence matrices arc partitioned by the dashed lines 

~ R
under t h e  assumption t h) t  nodes 3 and 4 in the original R A ~ (12)
network are inaccessible, ‘l’hus the top half of thc ,4 0 R,~
matrix is 4, and the bonom half is A~. A similar partition
is shown (or A’ — ( A~ A; )T, hut in the translorined where the lower, left partition in (12) is 0 since the faulted
network some of the formerly in:tccessible nodes m:iy network c~,insst have .inv inaccessible nodes which wci~’
have been made accessible (by virtue of their having been accessible in the unlimited iwtwt’si’k. In other words , ii a
shorted to an accc~,sible node). short circuit ot’cui’s between an accessible and an b isects -

~~~~ s-~~~~ ’..’.~~~~~~~~~~~~~~~~~~~~~~~ l~~~~~C~~ .. S
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sible node, the combined itode becomes access ible, Thus between an accessible and an inaccessible node, then
P~~o_ II the short circuit is between two inaccessibleI R 11 A , -i~R 1142 1

A’ s
~ RA 

~~~ 

‘- - - — — — —

~~~~~

— I 
nodes, th en (P)5 ,~~ .,

~~ 
is Unity, and the remaining ek-

R2~.A2 j ments arc zero. (In th is case , the unit element in P is

and, thciefot ’e, 
element f R) 1 ,, where nodes i and j  arc shorted, and i ’~j
dUe (0 our numisenug COflSs’eflt%On.) ‘~iit1i these definitions,

A~ ~ R1 ~A ~ + Ri~A~ it is easy to sce that U is ort hogo ital , sinc e its co lumns are

A;’-.’ R1,42. (13) indercnsIcnt ((nit s ectors and thus form an orthonornial
Se 5 171. Conss~qtIC nt l y U - ~ j T and if the short circuit is

B. For ming the ,‘s ’- Par w,ietcrs of th e S/s ort ed Network between an accessible and an inacces~ibIe node, then

S ~ ~ ~ S ~ . if the short circuit is between two inaccessible
They-parameters of networks containing a sliout circuit

nodes, (hen S “ ~ is only slightly more difficult to conipute .
can be computed from (8) aft er replacing A~ by A~ and A~

: by A~. I) finc Y~ ~ ,1~
15bA 2

T s.vhich is the q X q  nodal 
,IS We s.s’iIl show, Now define (‘ ‘~~ S}’~.S~, and, therefore.

admittance matrix of inaccessible no~ks, In the analysis I R2, ~ 
I )‘

~ ~ R~ }‘2u 1
must be coit iputed only once for any circuit Using the I U j  [U~~~R~ ~ U
that Iciltoss’s, s.s.’c assuinC that 

~~2 ~ kno~vn. (1 ii fact )‘j’ ~ C ~ i ~ 
7 ‘~ [ ‘?22 ~ U }

i T i

nominal ~Ieislciit values, so the cost of its computation is a and
negligible part of the total cost of analysis.)

If the short circuit occurs hetss.’cen Iwo accessible nodes, C ~ =. (S T)” i y~ 
1s ~ ~ F,~ij ,!~1 ((7)

then A~ ~= .‘t 2, and the ncw ,)‘- paramcters are found from ~ 
~~ : N

( 8) with no nlatnx lfl\ ’C)SIOfl . Iii fact , if a short circuit Fa ldecvsi 181 shows that K = Y~ 
“ 
~[1 -— (R~2 ~‘,u )f ~f ) .  aimsI ,

exists between Iwo accessible nodes, it can be ct~siIy therefore ,
observed by making rcs ist ts  lice mcas(ii’cnscnts bets-s -ceo all
pairs of access ible noics, so the method described here is y~— i _ 

~~[ 
i ~

- (R,, Y2u)AIJ ~, ( I 8)
not needed.

If t h e short circuit involves any inaccess ible node, then ilie inversc on the righi side of (IS) Cats be COrnrISICd

1l 2~~ ’~~~2 and the invcrse of }‘
~ =4 ~~~~~ must he cOilS- efficientl y using a formula given by Householder Is]. i~J-

puted. The main contribution of (isis i ’ ss t s~’r is to Siloss.’ that which s I t s ICs  (liSt if A ~ Ii — ~~~~~~ s.s. lst’ ie t’ t~nd i~ are

the inverse of V2 issts ~ t’c fOUll(i ill tenmis of Y2 s.vitit alsoil t cotuinis s. etors , then
one fift eenth ISS n’saIIy nsultip licaiiotis as are requii’cd to

i 
B _ i t,w ? )i~find the inverse of a general qx q niatr ix. ‘Ibis SIIV ing, A “i ~ ft -t-- ~
-———-- - —  (lq )

described in detai l in tile next see nois . is due to the fact ~ ~‘~1? -

that J’2 is ct(,scIv related to Y,, whose inverse is kowis , An where the division on (lie rsdil side of (19) is 1’s~ a sca l.sr ,
additional sav itig of computation and IISCOR’sry is rctsl i ,.cd ‘111115 the ins ’esse of )‘

~ is
by the us.~ of sparse m atrix techniques, s.s.’hich are dis-
cussed in Section IV . y ’—  I 

K[ i 4 
(R 2~ }‘-,t LiI CU)

I —‘ ~1(R,~i’~u) j’
C, 1t ’iiidi~i~.~ i /it ’ /ni’ers(’ of )‘ ,L,fflc ieti1~s’

From the ( lCfi SI it iOfl S of A , R22, i’,, and ~~~ it is easy to ~ order to use (21)). A’ and ,~I niust Ie  fo~ins-1 Irons ( I 7~.
\Vc have mentioned that if the short circuit is between anshoss.’ that

. accessible IIO&IC 15,1(1 an ,isacs ’cssi l’stc I lS s-IC, then S ‘ ~ ~‘ ~
‘

In fact , if the short ciicui( is hets.v&’eii asl tic-~’css.sbte nodey~ ~= R22 Y2 R~ . ( 14) and ns ’sdi’ r, then S=’ I. and K and Al ss.rc simply parti-
i,5et us add a row to R2, as follows t I OtI S s - S f  (I 1). if the sshorl circUit IS I,clween two iIIacs’’ss!-

He (los-k s, \VII’ have shoss’n that S= f ’  ‘i I’, s.vilerc Ii - ~

A ~ ‘~22 1 ( I S)  ~~~~ and ti le rank of P ts unity. lisus I’ can bC written in

I ~ ~‘ 
,J 

the form i , s ~~. and (l’~) can he used to fii~s-I S ~. Pioceed-

where U
T is a row uilit vector containing all zeros except 

log in this manner it can be sh~ s.’n that S — 1/1 4 Q,
wherefor a I in thc right-most column represeilting a shorted

node. (At ntost two columns of R~. arc involved in tile ‘ I, if r = i—p . ~ — — r
short circuit, If OfllY (SOC IS involved. (lien that cts luniii of 0, ot hcr’v.’ise
p 7’ is unily. If two colunins of R,,, are involved, then only Arid so, even in tite most complex case, A’ and ~f can bethe right-most one is tinily, This convention could be evaluate d without a matris inversion. Some time can hcL reversed hyciianging the definition of R.) We nOW deconi- saved in computing the ifi ple matrix product in ( I i )  h~-

notillg that I. and N (each column VeCtorS) are notpose S intO U and P.
S U+ P (16) needed , so ti t e (tist column of C” need not be eva luated.

where P is formed as follows, If tile short circuit is Using sit IIighIfsSrSSSar(t niiitnx mult ip li e,it ioi i to find A’ and
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~ fronl ( I 7) and t hen Y~ ~ f rs si is (20) i’equii’es q2(q 4 — 2q3 
~~~~ SPARSE MATRIX Ti~t i  INIQI I’S

+3q 2 — q +  I) comp lex multiplications, wilere q is the Sparse matrices arise in both the evaluation of the
number of accessible nodes in the network, inverse if Y, and in the evaluat ion of the accessible

This method of computing }‘
~~
“ ~ is unnecessarily in- y-paraine cr matrix y,. These arc discussed separately in

ef ficient since many of the matrices in (17) and (20) arc Sections IV-A and IV-)).
sparse, and others (S and R~ ), in addition, arc special
since their noilicro elements are either + I or — 1. In ‘~~‘ 

Etts~.2/ua(iPlg (At’ Invi’r.ce of Y2
Secton IV-A we s its -sw how to reduce t he number of \Ve have shown that the inverse of Y~ niay be found

‘ 
complex multiplications required to evaluate Y~ ~ to from (20), which is repeated below for convenience:
~q2( q— I), whci-c /3 is typically about 0.3 and is always a
positive number less thait unity. ~ ~~ 

I + ( IZ~ }‘~u )M/ (  I — Af (R~ }‘~u)) ]
Once )~~“ I is known, the r-parameters at the accessible where K and ~f are def ined by

nodes are found from (8). Evaluating the niatrix products ~ ~ I. j _ (S TY 
~~~

— I~~ I, (22 )in (8) in a st raigli(forss.’ard manner  requires 2b7 + (2p + q —- 
[ ~~~~ N

I)b 2 + (q — I)’/s nlultiplications, where b is the number of
branches in the network , p is the number of accessib le ~~ dimensions of K and ftf are, respect ively , (q— I) x
nodes not counting the reference ilode, and q is the (q — I) ~nd I X (q — I).
number of inaccessible nodes, Using the sparse matrix In (27) ~ ~ ~S known, and S is defined by
techniques described in Section (V-A , the nuniber of
multiplications necded to evaluate ,~ front }‘~“i can he S I “ 22 (23)
reduced to 2(1 + ~e) b 2 , where ‘y is typically about 0.1. For I U~~~

examp le, a network s.vith 20 branches, 3 accessible nodes R,2 is the matrix which transforms 
~~ 2, (lie (inaccessible

(plus the accessible reference node), and 8 inaccessib le node)-to’branch incidence matrix before the fault , into ,‘V, ,
nodes requires 14180 multiplications to cvaiuate )~ directly the (inaccessibte node)-to-hranch incidence m atrix aftcr
from (8). fly using sparse matri x tcchni~tics , this is re— the fault , so that
duced to 880 multiplications, a saving of a factor of 16 in A = R ~ A 2. (24)
this case. The straightfors.v:ird eva luation in general re-
quiics nearly is times as mans’ multiplications as the more in the discussion that follows, the re:idcr nsav find it
effic ient approach using spai’se matrix techniques, so the helpful to refer to ti~c illustration of Pig, 3. Sts ;sps ,ssc nodes
saving incicases s.s.’is-h networ k complexity. I and) arc shc’m ted . wherej>i. lilcu rows I through i-— 1

of R72 contain zeros except that the s-Iiagonal clement is
D. c?pen (“ircuit.c and Oilier Large Poranwlt ’r Changes unity. ‘Fhis indicates that nodes I through i --- I in the -:

For comp leteness , we include a discussion of open faW ted iiets.vork arc identical to nodes 1 thros’gh I ‘- I in

Circuits and ~‘st her large parameter changes, although this the unf.niltccl iietwoik. Row i of R2~ contains .~~~~ sit zeros

has been discu s’s~ ~1 elsewhere 14L The main purpose il l this cxc~pt for unity elements in colutans I and j , indienung

sect ion is to shosv how the analysis can be carried out in that node I in the faulted network is lormed b~ combining

the context of nodal analysis. nodes i and f in the unfaulted nctwoik. Finally, the
Parameter changes are accounted for in (8) by a change remaining rows of R22 contain all zcios~ except that the

in the l~ )< /t branch adniitt~snce matrix )-~,. in order to first row to the right of the diagonal is unity. This m di-
evaluate the new r-paranletc i’s fron t (8), the inverse of the ~~tt,s that the remaining nodes of the faulted ;lCtwomk are

inaccessib le iiod~I adiniUance matrix }‘~ — 47 Y,,A 2
T roust identical to the remaining nodes of the unfauhed network.

be found. If ~5 single parameter in the network is changed, The faulted network con1~iiiis one less node than the

then the nes.v branch admittance matrix is )
~ 

A y,,+~ , unfaultcs-I network , so the dimension s- sf R2, is (q -- I ) x q ,
where, as usual , q is the istimber of inacccssihic node,s,

where ~ has only one nonzero element represent ing the 
~~~ h ave ch osen to number t he nodec consecutively.

change in one parameter. Suppose a change occurs in
element y. Then ~ can be written disv ~‘, where d is a scalar beginning with the accessible nodes. We have also

avoided ana lyzing networks with a short C i . C tI i i  between
‘ equal to the parameter change, u is a unit vector in

direction i, and t ’ is a unit vector in direction j .  Now ~“° accessible nodes, since such a fault ma~ he found
from driving ps-’sint iitipcdance measurements between all

define U ~ 42u and V A  42 0, so that )‘
~~— } ‘7 +d11V7 . pairs of accessib le nodes. Thus node) is always inaccessi-

Householder shows that the invcrsc of Y~ can be found ble, but node I may he eit her accessible or inaccessible, In
front the description above we have assumed that node i is

inaccessible. If it is accessible , then R,, is simpler than
I )‘

~

_ ‘[i U(d” + VTYj ’  lii) 
- ‘ ~~~~~ i] .  (21) described above, since all tows contain a single unit

element. (The unit element is on the diagonal in rows I
The inverse of F7 is known, and d -‘  + V ”Y~

” 1U is a through j  — I and in the first column to the right of the
scalar, so (21) can he evaluated without a maftix inver- diagonal in all other rows. ‘this indicates that all inaceessi-
ama. ble nodes in the faulted network correspond to an inas-’ees- 

~~~~~~ , ~~~~~~~~~~~~~~~~~ -.-,_- _ ___________________________
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1 0 0 0 0 0 0 0  1 O C O P O ( ~ O I S

0 1 0 0 0 0 0 0  O J O C 0 0 0 0  S

0 0 1 0 0 0 0 0  O C I U C 0 0 0

0 0 0 1 0 1 0 0 0 CI 0 1 ~ 0 (~-1

0 0 0 0 1 0 0 0  ‘

0 0 0 0 0 0 1 0  O ( ! O C C O O I  -

0 0 0 0 0 0 0 1  O O O O & I e C

o o ~ - o o 1 o o

(is) (a)

1 0 0 0 0 0 0 0  1 ( ~~O O ( ~~O~~~~Cs
S 0 1 0 0 0 0 0 0  o i c o o o o o

0 0 1 0 0 0 0 0  0 0 1 0 0 0 0 0
0 0 0 ~~~~0 o 0 O  0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0  0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0  o o e o c . o o i
0 0 0 0 0 0 0 1  o o o o o i o o
0 0 0 0 0 1 0 0  0 0 0 0 0 0 1 0

- (b) (b)

Fit. 4. S niatrices for a. network with 8 ~cccss ihIc i~~JC~S5 (a) Short Fj~, 5. (a) tnvcrsc of the HiatuS ~‘sf [ig .‘s~~t). (b) t~ss SC of the m ain s-
circuit between nodes 4 and ~~. (t’) Short Cir~I:it bc twccn nodcs 6 ~ad ~ i~s~ 4(h).
any accessible node.

Recall (h at the i’iglfl—niost column (col um n q) of (2S) is
sible node in the unfaulted network, but one inaccessible not necded, 1’lie s.’s-’oiid and fourt h terms en ilit’ right side
node in th e. unfaulted networ k is now as- - s ’cssiblc , amid so it of (25) are zero except for tile I ight-most column. so
has no rosy iii R22.) need not be ( \-aIu~Ites -t .

in (23) ~~ ~s a row V eet (’ r containing all zeros except To evaluate (/} ‘, iUl’ define the row vecto r ~~~~ ~~ ft ’s- I.that columnj is unity. where u~ = (unit column of row k in U), k = I , 2. ~ • ‘ , q ~ I.To illustrate the formation of the S matrix , consider a Thus
network with 8 inaccessible nodes, (For convenience in m — l , 2 , ’ ‘ - . q —tthis discussion they are numbered I —8, instead of p -i- I [ K) — [ U) ’j  iU 7’] 

[ ~~

‘

~

— I 
J , ,

through p ‘4’ 8.) Fig, 4(a) shows tue S matrix for a short
S..

circuit between nodes 4 and 6, and Fi g. 4(b) shows the S (2~)
matr ix for a short circuit bct~s-t-en node 6 and any aecessi-
ble node. The formation of the inverse of the S matrix is Finally M is tile I X(q -- ’ I) row vector whose elements
given by S — 

— V T + Q, where are the first q — I volunms of the last row (ross’ q) ol the
sum of terms one and three’ of ~~~ Thusf — I , i f r— i— p ,  ~= n— -p

o, otherwise [M] ~‘~~ 2 
it! 75L I~ 

+ [Q 7’y— i~~j T ]

as explained in Section 111-C, where S’~ U+ P. and all
elements of P are zero except if the shorted nodes i arid) 

[ 
Yç ’] [ ~~

j -  i]  n I, 2.” ,q —1.
are both inaccessible, in which case [P)1~ is unity. The
unity element of P is circled in Fig. 4(a). in this iliustra- (27)
tion we have taken p —0 (or convenience, where p is (he
number ~f accessible nodes. Also note that n- ’ p— q. The K and Al aie evaluated from (26) and (27) with no
inverse of the S matrix can be formed by inspection, and multiplications, and the evaluation of K, the huger of the
in particular, Fig. S shows the inverses of the matrices of two, requires no additions.
Fig. 4. Now that A’ and At are known, F~ 

- ‘ can he found from
We now turn to the probtem of evaluating K and t*t. (21). In evaluating (21) it is useful to first find the (q — I)

The right side of (22) may be written 
~~ column vector x A R22 F2,.. Recall that ~ is a vector

(0+ QT)Y2~~(UT + Q)_ uv2- ’u~+ ~~~~~~~~ Q with all zero etements except that row) is unity. Thus x is
the jth column of ~~~~ R,, is the partition of S formed

+ Q l’Yj’ I j JT.4. Q “Yj’ ‘Q. (25) from the first q — I rows (23). We may m ake use of the

p. ‘ .. .
~~ — ---~~~~~~~~~ ---- 

. 
S~~
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row vector V1 to form x as follows: 1 1  -1 i o 0 0 0 0 0 0)
I [ ~2},s -j ’  if node I is accessible ~

, 

C) C 0 -1 1 0 0 0 0 0 I
[ x L _ [ R 22F2 a L . =j {E 1

2] u .J ’ ~~~~ } A ~ 0 0 0 0 0 1 1 0 0 o J
[ Y 2 ] , ~J + [ Y 2] JJ ,  t)~~~ i 0 0 1’ 0 U -1 -i I 0 01
if node i is inaccessible e o o e -i o o o -i iJ J

n— I ,2,- ‘‘ ,q—l. (28)
Using the definition of x in (28), (21) m a y  be written

0 1
}‘~~“= K+K [ x M/ ( I— M x ) ]  (29)

0 1 ~ 
S

- - which requires evaluating three matrix products, two of
t which directly involve x. From (28) it is clear that x is 1 0

formed by reordering the elements of column j  of Y2.
0 2Since only a few inaccessible nodes are normally coupled

to node j , ,r is usually sparse. Define /1 equal to the 
~ 

2 5
fraction of nonzero elements of column j  of }‘

~. The A — A
3 14number of multiplications required to compute Mx is

~8~J ~ q. /3 is usually significantly less than one, and so it is 3 14
worth designing the algorithm to avoid the multiplications
by zero. Similarly, f~q rows of xM are zero, and it is worth ~
forming only the nonzero rows. Thus (29) can be ~ 5
evaluated with flq2(q — I ) multiplications and divisions.
Note that the multiplications in (29) arc. the only multi- 5 0
plications required to evaluate Y~ 

~, since K and Al have
been formed in (26) aIls-I (27) without multiplications. Fig. 6. Node-to-bran ch incidence inatriz A, and the corres~x’nding

c~mm aci equivalent veciors .4 and 4
B. Ec.alu.uing time y-Par wimees-’rs

In this section we discuss the evaluation of they-param- If atty of the subscripts of ( fl in the last expression is
eter matrix ,y~ 

given by (8). in the faulted network, the zero, (lie term is zero.
node-to-branch incidence matrices arc A and 4 , so that The evaluation of X’ =4 IA ~ is somewhat different

: (8) becomes because the summation is along the rows of 4 instead of
~~~~~~~~~~~~~~~~~~~~~~~~~~~ (30) down the columns. In particular, elem ent [X5],,, , is given

Two forms appear in (30) which must  be discussed sep- by
arately: A Ty4 and A }‘A ~‘. [X ’] ‘= ~~~ [A ]  k~~~ I fls -.~ ~ Ti

I. 2!..,The most convenient way to store the node-to-branch “ A- ““ I
incidence matrices, which we will refer to generally by A ~~ [4 

] 
. [4 

~ 

. 
[ y J .  (32)

in the discussion which follows, is by two colum n vectors k ,I ““ i ~~~

A ’~ and 4 ’~, defined as follows. If the kth column of A
‘ has a + I clement, then [4 ~ 

A (row itumber of the + I The right side of (32) cannot be evaluated by choosing rn

element of the kth column of A), ot herwise [A 
~~ 

A o. and n as in (31). Instead k and t are chosen and, for each
Similarly, if the kth column of A has a — I element, then choice, ( YIs- , is added to elements (X’]IA~I, (A ’), and

fA~~ 
A (row number of the — I element of the kth  IX’~~-h 1.~-1, and subtracted from elements IX’I(A~I,.(A’l,

column of A), otherwise (4 h=O. The formation ~‘~f ~~ 
and fX ’~~-1,,14 .11. If any of the subscripts of IX’) is zero,
that term is zero.

and A - corresponding to a given node-to-branch mci- Products of the forms X”=A YA ~‘ and X.~A Ty4 bothdence matrix A is illustrated in Fig. 6. Note that iii
practice it is necessary to store only the vectors A + and appear in (30), and we have shown how to evaluate them

without multiplicat ion. An additional product of the formA — and not the matrix A.
Now consider the evaluation of X~~A Ty4 Element X” F2 must be evaluated, where )‘

~., is given by (3). F,, is

(XI,,., is given by typically very sparse, so in the software we have chosen to
store it as three vectors : one containing the nomuero

(X] — ~~ [4 T] ~~ F 
~~] . (4] elements of F,,, and the other two containing, respective ly,

t .I l.a the row and column of that element, ‘(lie saving in storage

[ — ~ (A),,,,’ (A ] i , ,- [ Y],~ 
can be appreciated by recognizing that F,, is a bx b
matrix, where b is the nunthcr of branches in the network.
The elements of F,, which arc not zero are the b diagonal
elements plus one additional clement for each controlled

— ( fli Ai.. lA~ i. I “]l~~
- l.,,I.e).~ 

(30 source. If the number of controlled sources is b/to, then

A S - - 
A , I -
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This is done by applying (30) with A replaced by A ,, A
SIART rep laced by 

~~ 2’ and Y~ ~ ‘ rep laced by Y2~ ~. The inverse of

~~:z must be computed by convcnti~naI metlwds , but the
_________________ 

methods of this section may he used for the remaining
Set Dt i , j ) .  0 ~1 

computation,

i = I , 2 , . . ‘ . b C. Su,nrna,y of Efficient Cot~q’utaIion -

The y-paranieters at the accessible ports of the faulted
Do 1 ~ I b network arc found from (30), where in the context of (his

, 
report the faulted network is formed from the unfaultcd
network by shorting a single pair of nodes.

Do k ~ I . tY B In Section IV-A we showed how to form the inverse of
____________________________________ 

the (q— t)X(q~ I) matrix 1’~ with only ~q2(q— 1) corn-
- . yacol k I plex multiplications, where /~ is the fraction of non?ero
I ( ) 

I elements in 
~~~ 

(Recall that Y
~~

A 2 }
~
.
~T ~ the inaccessi-

D(~ , j I . D(i ~ j )  + X(i , YBROW (k))’yg(k) I ble nodal admittance matrix.) Inversion of a (q — I) X (,q —
_J 1) matrix requires about 5(q — if com(J!ex multiplications

_~III~~

I:

~ using Wi lfs rank annihilation niethod 2 [I 1~. which is an
__________________ 

eff icient application of the Householder formula c1)9) (SI—
(7].

END In Section tV- B we showed that (30) c~ n be evaluated S

in 2(1 + y)b’ comp lex multiplications. This result applies.
whether or not the efficient evaluation of the inverse of )‘4

Fit. 7. Etfictent toniie.tion ot the matrix ptc,duct X .Y,,5 
~ Section tV-A is used. Thus the total number of corn-
plex multiplications required to evaluate the )~_(~ar:~ineters

the sparse storage of F,, requires storing 1.1?’ complex at the accessible ports of the network with one pair of
numbers and 22b  integers, compared with the h2 complex shorted terminals is 2(1+ ~.)h

2 +q 2(q -- I). If the invcn~e of
numbers required for conventional storage. If the software Y~ is found by conventional methods hut the sparse
is written to accommodate networks with lOt) branches. matrix techniques of Section IV-B are used to form ;~

,
then conventional storage requires setting aside room for then 2(1 + ‘y)b’ + 5(q — 1)~ complex multiplications arc re-
l0~ complex numbers, compared to about 120 complex quired.
numbers and 240 integers required by compact Slorage. They-parameters resulting from all . .  sibie single short

Considerable computation time is also saved by storing circuits involving at least one inaccessible node must he
F!, sparse ly. The matrix product X’ ‘ F,, in (30) would evaluated. If the network contains p accessible terminals
require h3 complex rnultiplic.itions if performed directly, and q inaccessible terminals . then it can he shown that
since the dimensions of both X’ and F,, are h x h. The N q(p + q)— q(q — l)/2 distinct pairs of shorted termi-
algorithm of Fig. 7 forms the product in (1 + y) b~ complex nals can he identified. The total number of complex
multiplications. ~s’here y is the fraction of the b branches multiplications is, therefore. N12(l + y)h2 

~ flq
2(q

Containing a controlled source. Typically y is about 0l .  In using the efficient method in inverting Y and .\‘12( l +
Fig. 7. ) ‘B(’ ) is a vector containing the I Y B nonzero y)h2 4- 5(q — I)~J using a conventional inversion mctho~I.elements of F,,, and YBRO $’~-) and ) BCOL(’) are in- To sh ow the benefit of the efficient matrix ins-cision , let
teger vectors containing the toss and column numbers of us assume that the utimber of accessib le pom-ts p is 2 . the
each clement of )‘B(’). The product .‘t” ‘ F,, is called number of branch es b is twice (lie number of nodes.
D(’ , ‘) .  D(. , .) is o~:it sparse, so it is stor ed conventionall y. p 4- q+ I, the fraction y of branches having controlled

Examination of (30~ reveals another matrix product of sources is 0.1, and tue fraction /1 of nonzero ek-ments of
the form F~’Z, where in this case Z’~ I +AT}’~ ‘A ) ~. y

~ is 0.3. Using t hese assumptions . the total number of
This matrix product is formed in a similar manner to complex multiplications necessary to analyze all t he in’
X’ )‘~ in (1 + ‘1)b2 complex multiplications. Thus altogether accessible short circuits using both the efficient and the
2(14- ‘y)h’ complex multiplications are required to for- conventional methods of inverting }‘

~ are shown in Fig. 8.
mutate j~,. A direct evaluation of (30) requires 2b3 4- (q — I The advantage of the efficient method is especially notica-
+p) h 2 +((q — l) 2 +p 2 )h multiplications. Takimig p~~2. h— hie for the larger networks.
20, q — II we find that ,t’, requires 22880 multiplications by
direct methods, but only 880 multiplications by the v. EXAMPI F
methods described in this Section with ‘1— 0.1, a saving of We have described an efficient way of computing thea factor of 26 tn tht~ cxan~ptc, y-parameters at the accessible terminals of a network withBefore closing tlit~ section ii should be noted that the
y-parameters of the unfaulted networ k are evaluated be- 2An en~ r ap~~ars in our ediliøn of Rakion and Wilt t i l l  In the fl owfore evaluating the y-parameters of any faulted networks. chari on p. 7~, ,ie’ mm should he I—.., nol 2—.i.

- - -
~~~~~~~~~



,, ,J,, ~~~~Uj 

~ I I’ I I I

’ I I’
~~ ~ ~$ I ~~~ ~;~g ~2 / ~ / / I / / / ~
~~: ~~~~~~~~~~~~~~~ - L±.j ,LJj .~). 

~1

I 
~ 

PAU~T &NA1~ MS IN A~~~ OO CtN~~~~~~ ~~~

~ 

I ~ 

u’ / 
Ø f l~~~ 3 ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ 
!~ u~ 

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~:~::: ~~~~~~~~~~~~~~~~~~~~~~

- 

! 
~~
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ lIOI~ SIOiA 

o5

~~~~~~~

l,u

~

n

t

u

~~~~~~~~~~ju

I 
is ’ ‘ . . ‘ -

~~~~
—— - Fig. 9. Feedback amplifier.

10 ic ~o ~s io ~o so
flAi~~(~ N uN *CUS~ui~i NOD(S . a S

Fig. 8. Numbes of complex muttipticaiions required to analyze aft

~ 
inaccessible short ciicuits in a network with q in.tcce~sible nodes. TABLE i. SUMMARY O~ TEST Rest,t ~ I

an internal short circuit. The question remains how useful iRLQUI.u~~Y , ACTU?.L S~4A*Ti~A W’I* S ~1u.IMV~4 A~~~.I F~ ‘. ~

~ 
this is in locating short—circuit faults , since the network “ S~~~ tA  ~~L AA S (Ar M1uAI HL~ COS~ Fs hi A~SN VA I  I s u

parameters (resistance, capacitance, inductance, and con- ______ ________ ~~~~ 
~~~~~~~~ i O t A

trolled source gains) of the faulted network will be differ-
- lout) 0—a 0—8 1 ~~~~ I .0b 7

~
- ent from their nominal values. One possible way to locate 

~ ~ ~~~~~~
- the fault is to simulate all single short circuits (invo lving at - u-i t s-to i.~oo
- least one inaccessible terminal) using the nominal parame- ‘~~ ~~~ 

1. :?.

ters and the algorithm described in this paper, compare ~ ~~~ 
I-i” i .~~AS

~ 
each of the simulated )‘-parameters to the measured y- ~ 

~1 
:~

- 
parameters, and choose the closest set to locate the short

~ 
Circuit. Next a search over the parameter values could be
conducted, as described by Chen and Sacks 141 or in

~ Sect ion llI-D. ~ 
shorted nodes. The two errors seemed to he caused by the

To date the short circuit algorithm has been tested fact that the magnitude of the capacitor impedances at

~ using the netv,:ork of Fig. 9. Measured data for the nine 1000 Hz were m u c h lower than the impedance levels of

~ complex y-paranletcrs at the three accessible ports (nodes t he network resistances. (The magnitude of the impedance

~ 
1-0, 2-0, and 3-0) were obtained by simulating single shOrt of a lO-sF capacitor at 1000 Hz is l~ .9 (l) It was expected

~ circuits and setting the network parameters between 10 that the short circuit between nodes 6 and 7 would be
and 20 percent above or below nominal, It was expected difficult it identify, since the 50-goF bypass capacitor is
that this might completely mask the effect of sonic short only about 3 fl at 1000 liz, and so the changes in the

- circuits. The cost function used to compare the parameters of the measured circuit could be expected to
“measured” and sirnutatedy-parameters was mask the short circuit. In fact , one of the reasons for this

test was to detennine how much the network parameters
I 

~ I y,, —.~,I could be changed before this change prevented reliable
c’ 

~~ 
—
~~ r” identification of the short circuit. In this example, s’aria.

‘~‘ “ tions of the parameters of 10—20 percent from nominal
- 

where y~1 is the )‘-paramcter simulated from the fault still permitted correti identification of 5 out of 7 short
model and~~, is the “nieasurcd” y-parameter. circuits, or 7) percent of the cases tried. If the parameters

Table I shows the actual fault, the fault determined by of the “measured” network wete act to the nominal val-
the minimum cost function, amid the value of the cost ucs, then correct identification would occur, of course, in
function of the correct fault, Of the seven examples at 100 percent of the cases, since then no error would exist
1000 Hz, the algorithm correctly located five pairs of between the “measured” and simulated y-parameters. 
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